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Abstract 

We construct a complete action for open superstring field theory that includes the Neveu- 
Schwarz sector and the Ramond sector. For the Neveu-Schwarz sector, we use the string 
field in the large Hilbert space of the superconformal ghost sector, and the action in the Neveu- 
Schwarz sector is the same as the Wess-Zumino-Witten-like action of the Berkovits formulation. 
For the Ramond sector, it is known that the BRST cohomology on an appropriate subspace of 
the small Hilbert space reproduces the correct spectrum, and we use the string field projected 
to this subspace. We show that the action is invariant under gauge transformations that are 
consistent with the projection for the string field in the Ramond sector. 


Contents 


1 Introduction 

2 Kinetic terms 

3 Cubic and quartic interactions 

3.1 The cubic interaction. 

3.2 The quartic interaction. 

3.2.1 The gauge transformation with the parameter A 

3.2.2 The gauge transformation with the parameter fl 

3.2.3 The gauge transformation with the parameter A 

3.3 Summary . 

4 Complete action 

4.1 Action and gauge transformations. 

4.2 Algebraic ingredients. 

4.3 The equations of motion. 

4.4 The gauge invariance. 

5 Relation to the Berkovits formulation 

6 Conclusions and discussion 

A The integration over the fermionic modulus 
B Properties of S 


a 

B 

0 

15 

16 
16 
18 
18 
19 

El 

21 

23 

28 

31 


33 


35 


37 


38 


1 






















1 Introduction 


The open superstring in the Ramond-Neveu-Schwarz formalism consists of the Neveu-Schwarz 
(NS) sector and the Ramond sector, and a complete formulation of open superstring field 
theory requires the inclusion of string fields of both sectors. The central issue in formulating 
open superstring field theory has been how we should tame the picture of open superstring 
fields. 

For the NS sector, Berkovits constructed a Wess-Zumino-Witten-like (WZW-like) action [1] 
based on the large Hilbert space of the superconformal ghost sector [2j. The open superstring 
field is in the 0 picture, and no picture-changing operators are used in the action. Recently, it 
was demonstrated that a regular formulation based on the small Hilbert space of the supercon¬ 
formal ghost sector can be obtained from the Berkovits formulation by partial gauge fixing [3], 
and then an action with an A 00 structure H U 0 EUS i was constructed in HDJ0 This is 
an important achievement because the A ^ structure plays a crucial role when we quantize 
open superstring field theory based on the Batalin-Vilkovisky formalism US E]. When we 
explicitly construct interaction terms by carrying out the program of pTO] , however, the number 
of terms grows as we go to higher orders and the form of the interactions will be extremely 
complicated. On the other hand, the action of the Berkovits formulation is beautifully written 
in the WZW-like form, and we have much better control over the interaction terms, although 
the WZW-like action does not exhibit the A 00 structure and its Batalin-Vilkovisky quantiza¬ 
tion mmmmm has turned out to be formidably complicated [23] . Very recently, it was 
shown that the theory with the A 00 structure in [TO] is related to the Berkovits formulation by 
partial gauge fixing and field redefinition [ 23 J, [25] , and we can now extract the A^ structure 
from the Berkovits formulation by the field redefinition. 

Inclusion of the string field in the Ramond sector was less successful, and we did not have 
satisfactory formulations. In the earlier approach in [26] or its modification [27] EE], the string 
field of picture number —1/2 in the small Hilbert space was used. For incorporation of the 
Ramond sector into the Berkovits formulation based on the large Hilbert space, the equations 
of motion were written in a covariant form [29], but the action constructed in [[29] was not 
completely covariant, although it respects the covariance for a class of interesting backgrounds 
such as D3-branes in the flat 10D spacetime. Another approach is to use a constraint to 
be imposed on the equations of motion after they are derived from an action [30] as in type 
IIB supergravity § For the recent development of open superstring field theory with the A^ 

1 The construction was further generalized to the NS sector of heterotic string field theory and the NS-NS 
sector of type II superstring field theory in EH3- see mmmm for recent discussions on closed superstring 
field theory. 

2 The Berkovits formulation of open superstring field theory based on the large Hilbert space was extended to 
the NS sector of heterotic string field theory mm- The equations of motion including the Ramond sector for 
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structure based on the small Hilbert space [TO], the equations of motion including the Ramond 
sector were constructed in term of multi-string products satisfying the A 0Q relations [38] , but an 
action to yield the equations of motion including the Ramond sector has not been constructed. 

So what is the difficulty in constructing an action including the string field in the Ramond 
sector? The fundamental difficulty lies in the construction of the kinetic term for the string field 
in the Ramond sector. We consider that the source of the difficulty is related to the fact that 
the propagator strip has a fermionic modulus in addition to the bosonic modulus corresponding 
to the length of the strip when we regard propagator strips as super-Riemann surfaces. Let us 
explain this by comparing it with the open bosonic string and the closed bosonic string. 

The propagator strip in the open bosonic string can be generated by the Virasoro generator 
Lq as e~ tL °, and the parameter t is the modulus corresponding to the length of the strip. In 
open bosonic string field theory [39], the integration over this modulus is implemented by the 
propagator in Siegel gauge as 

h r°° 

Y~= dtb 0 e~ tL ° , ( 1 . 1 ) 

L o Jo 

where the zero mode of the b ghost b 0 is the ghost insertion associated with the integration over 
this modulus. 

The propagator surface in the closed bosonic string can be generated by the Virasoro gen¬ 
erators L 0 + L 0 and i (L 0 — L 0 ) as e -*(- £ 'o+£o)+*0Ro-£'o) ) where t and 6 are moduli. In closed 
bosonic string field theory, whose construction nu m m mi su was completed by Zwiebach 
in p[5], the integration over t is implemented by the propagator in Siegel gauge as in the open 
bosonic string: 

b + + 

%= dtb+e- tL K ( 1 - 2 ) 

L, o Jo 

where 

Lt — Lo + = bo + bo , (1-3) 

and the sum of the zero modes bo and bo of the holomorphic and antiholomorphic b ghosts, 
respectively, is the ghost insertion associated with the integration over the modulus t. On the 
other hand, the integration over 6 is implemented as a constraint on the space of string fields. 
The integration over 6 yields the operator given by 

b=k r^ e ‘ eL ° • m 

heterotic string field theory were constructed in [33 ( :34j, and the approach in m was also extended to heterotic 
string field theory in [33] . While four-point amplitudes of the open superstring including the Ramond states at 
the tree level were correctly reproduced by the Feynman rules in [30] . it was reported that correct five-point 
amplitudes were not reproduced [55] , This issue was recently resolved in [361 by correcting the Feynman rules; it 
was further extended to the action with a constraint for heterotic string field theory [331 and correct four-point 
and five-point amplitudes including the Ramond states at the tree level were reproduced m- 
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where 


(1.5) 


L 0 — L 0 — L 0 , b 0 — b 0 — b 0 , 

and is the ghost insertion associated with the integration over this modulns. The operator 
B can be schematically understood as 5(b ^) S(L^). The closed bosonic string held T of ghost 
number 2 is constrained to satisfy 


6 0 T = 0 , L 0 T = 0, 


( 1 . 6 ) 


and the BRST cohomology on this restricted space is known to give the correct spectrum of the 
closed bosonic string. The appropriate inner product of dR and d/ 2 satisfying the constraints 
can be written as the BPZ inner product with an insertion of Cq in the form 

<*i,Co* 2 >, (1.7) 


where c 0 consists of the zero modes Co and Co of the holomorphic and antiholomorphic c ghosts, 
respectively, as 


c 0 — 2 ( c ° c 0 ). 

The kinetic term of closed bosonic string held theory is then given by 

S= -^(dbCo-QT), 

where Q is the BRST operator. The operator B can also be written as 



( 1 . 8 ) 


(1.9) 


( 1 . 10 ) 


where 9 is a Grassmann-odd variable, and the extended BRST transformation introduced in [36] 
maps 9 to 9. The extended BRST transformation acts in the same way as the ordinary BRST 
transformation for operators in the boundary conformal held theory (CFT), and in particular 
it maps b$ to Lq . Therefore, the combination i9L^ + i9b$ in (ll.lOp is obtained from i9b$ by 
the extended BRST transformation. Note that the closed bosonic string held T satisfying the 
constraints can be characterized as 

Bcq^ = ^. ( 1 - 11 ) 

Let us now consider propagator strips for the Ramond sector of the open superstring. The 
fermionic direction of the moduli space can be parameterized as e^ G °, where Go is the zero 
mode of the supercurrent and ( is the fermionic modulus. The integration over ( with the 
associated ghost insertion yields the operator X given by 


X 


d( j d(e CG °-^°, 


( 1 . 12 ) 
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where ( is a Grassmann-even variable and /3o is the zero mode of the (3 ghost. The extended 
BRST transformation introduced in [46J maps ( to ( and maps fio to Go so that the combination 
— ( /3q in (1 1.12 p is obtained from —C/^o by the extended BRST transformation. If we perform 
the integration over we obtain 


A — — 5(f3o) Go + S'((3o) b 0 . (1-13) 

See Appendix |A] for details. It is known that the correct spectrum of the open superstring 
can be reproduced by the BRST cohomology on the space of open superstring fields for the 
Rarnond sector of ghost number 1 and picture number —1/2 that are restricted to an appropriate 
form [El EHJES]. The appropriate inner product of Tx and T 2 in the restricted space can be 
written as the BPZ inner product in the small Hilbert space with an insertion of Y denoted by 

«*i,y* 2 » (i-i4) 

with 

F = - c 0 <5 , (7o) , (1.15) 

where 70 is the zero mode of the 7 ghost, and the kinetic term of open superstring held theory 
for the Rarnond sector is given by ini S3 E2] 

S= -I<(\s,yw>- (1.16) 

The important point is that the open superstring held T in the restricted space can be charac¬ 
terized using the operator X (11.131) as {5T J 

XY'T = T. (1.17) 

This is analogous to (II.lip for the closed bosonic string held, and we regard this characterization 
of the string held in the Rarnond sector as fundamental. 

The next question is then whether we can introduce interactions that are consistent with 
this restriction of the string held in the Rarnond sector. Recently, Sen constructed the equations 
of motion of the one-particle irreducible effective superstring held theory including the Rarnond 
sector [22]. While the construction is for the heterotic string and the type II superstring, the 
idea can be applied to the construction of the classical equations of motion of open superstring 
held theory including the Rarnond sector. A salient feature of the resulting equations of motion 
is that the interaction terms of the equation of motion for the Rarnond sector are multiplied 
by a zero mode of the picture-changing operator. The origin of the zero mode of the picture¬ 
changing operator is the propagator in the Rarnond sector, and it is just a different way of 
integrating the fermionic modulus of the propagator strip so that we can replace it by the 
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operator X in (11.131) . Then the interaction terms of the equation of motion for the Ramond 
sector are multiplied by X. This is reminiscent of the equation of motion of closed bosonic 
string field theory, where the interaction terms of the equation of motion are multiplied by 
B , and this structure indicates that the open superstring field for the Ramond sector in the 
restricted space can be consistently used for the interacting theory. 

In this paper, we construct a gauge-invariant action for open superstring field theory in¬ 
cluding the NS sector and the Ramond sector. We use the WZW-likc action of the Berkovits 
formulation for the NS sector, and we couple it to the open superstring field for the Ramond 
sector in the restricted space. This is the first construction of a complete action for open 
superstring field theory in a covariant form. 

The rest of the paper is organized as follows. In Section [2] we explain the kinetic terms we use 
for the string field in the NS sector and for the string field in the Ramond sector. In Section [3] 
we construct cubic and quartic interactions so that the action is invariant under nonlinearly 
extended gauge transformations up to this order. In Section [4] we present the complete action 
and show that it is gauge invariant. This is the main result of this paper. In Section ED we 
investigate the relation between the equations of motion constructed by Berkovits in [29J and 
ours. Section E2 is devoted to conclusions and discussion. 

2 Kinetic terms 

An open superstring field is a state in the boundary CFT corresponding to the D-brane we 
are considering. The boundary CFT consists of the matter sector, the be ghost sector, and the 
superconformal ghost sector, and the superconformal ghost sector can be described either by 
/ 3(z ) and 'y(z) or by £(z), rj(z), and 4>(z) |2J. The two descriptions are related as follows: 

/?(*-) = 8((z) , 7 ( 2 ) = e*M 7(2). (2.1) 

The Hilbert space we usually use for the /3y system is smaller than the Hilbert space for 
£(z), r/(z), and <fi(z) and is called the small Hilbert space. In the description in terms of £(z), 
i](z), and (f)(z ), a state is in the small Hilbert space when it is annihilated by the zero mode of 
7](z). We denote the zero mode of 77 ( 2 ) by 77 , and then the condition that a state A is in the 
small Hilbert space can be stated as 

77/1 = 0 . (2.2) 

The Hilbert space for £(z), rj(z), and <j)(z) is called the large Hilbert space. Since the 
anticommutation relation of 77 and the zero mode £0 of £( 2 ) is 

{ 77 ,^ 0 } = 1, (2.3) 
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any state $ in the large Hilbert space can be written as follows: 

$ = {r), £ 0 } $ = + £ 0 = $ + £ 0 $ , (2.4) 

where 

<h = ?/£o<h , $ = 77 $ . (2.5) 

The states <f> and <3> are in the small Hilbert space because i] 2 = 0. Therefore, any state $ in 
the large Hilbert space can be decomposed into two states in the small Hilbert space this way. 

For the NS sector, we use an open superstring field $ in the large Hilbert space. It is a 
Grassmann-even state, its ghost number is 0, and its picture number is 0. The kinetic term 
Spp s of $ in the Berkovits formulation [T] is given by 

Sns= -I(4\QVS>), (2.6) 

where Q is the BRST operator and (A,B) is the BPZ inner product of A and B. The action 
is invariant under the gauge transformations given by 

4 0) 4 = QA, 4 0 ) J> = i)n, (2.7) 

where A and fl are gauge parameters in the NS sector. The gauge invariance can be shown by 
the following properties: 

Q 2 = 0 . 4 = 0 , = 0 , (b,a) = (-i) ab (a,b), 

(QA,B)= -(-1) a (A,QB), (r,A,B)= -(-l) A (A,r,B). 

Here and in what follows, a state in the exponent of —1 represents its Grassmann parity: it is 
0 mod 2 for a Grassmann-even state and 1 mod 2 for a Grassmann-odd state. 

The equation of motion of the free theory is given by 

Qrj$ = 0. (2.9) 

As in (12.ID , we write <h as <h = $ + £o4h and we can bring to the form by the gauge 
transformation 5^ <h with Then the equation of motion reduces to the following 

form: 

Qvto$ = Q{vM® = Q$ = o. (2.10) 

The string held $ brought to the form satisfies the condition = 0, and the gauge 

transformation <5$ = QA + r/Q preserving this condition should satisfy £4> = 0. This 
constrains the gauge parameters as follows: 

v£o = v£oQ A + ritorjto = rj£ 0 QA + rjSl = 0 . (2.11) 
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We therefore choose r/Q to be —r/^oQA and find 

5$ = QA- ritoQA = ^ V QA = - ^QrjA . (2.12) 

This generates the transformation of $ given by 

5$ = r0$ = - r)£ 0 Qr]A = QA (2.13) 

with A = — r/A in the small ffilbert space. This way the physical state condition <5<f> = 0 in 
the small ffilbert space and the equivalence relation $ ~ <f> + QA are reproduced. This partial 
gauge fixing can be extended to the interacting theory. See [3] for details. 

For the Ramond sector, we use an open superstring field T in the small ffilbert space: 

? 7 T = 0. (2.14) 

ft is a Grassmann-odd state, its ghost number is 1 , and its picture number is — 1 / 2 . We expand 
T based on the zero modes b 0 , Co, 0 o, and 70 as 

OO 

d' = ^2 (Ao) n + c ° ^«) ’ ( 2 - 15 ) 

n =0 

where 

&O0n = O, (5q (j) n — 0, &o^n = 0, 0 O 0 n = 0 . (2.16) 

ft is known [47, 48[ [49j that the physical state condition can be written as 

QT = 0 (2.17) 

with T restricted to the following form: 

T = 0 - (70 + c o G) 0 , (2.18) 

where G = G 0 + 2 b 0 70 and 

b 0 0 = 0, /5 0 </> = 0, & 0 "0 = 0, /3 o 0 = O. (2.19) 

See also ISDUMUM]. As pointed out in [5T], the string field T of this restricted form can be 
characterized as 

AWT = T , ( 2 . 20 ) 

where the Grassmann-even operators A" and Y are defined bj{§ 

A = - 5(0 0 ) G 0 + 5'(0 0 ) b 0 , Y = - c 0 5'(70) • (2.21) 


3 The operators <5(0 0 ), <5'(0o), and ^'( 70 ) here and the operators S'('y(z)) and 0(0 0 ) that will appear later are 
Grassmann odd, and it should be understood that an appropriate Klein factor is included when it is necessary. 



The picture number of A" is 1 and the picture number of Y is —1. As we mentioned in the 
introduction, the operator X is related to the integration of the fermionic modulus of propagator 
strips in the Ramond sector. See Appendix [A] for details /| Therefore, the condition (12.201) on 
T can be understood in the context of the supermoduli space of super-Riemann surfaces. The 
operators X and Y satisfy the following relations: 

XYX = X , YXY = Y , [ Q, X ] = 0 , 77 X 77 = 0 , rjYrj = 0 . (2.22) 

It then follows that the operator XY is a projector: 

(AT) 2 = XY . (2.23) 

We say that T is in the restricted space when T satisfies 

Ahf = T . (2.24) 

While we always consider T of picture number —1/2, we allow T to have an arbitrary ghost 
number when we refer to the restricted space. When T is in the restricted space, QT is also in 


the restricted space because 

XYCXV = XTQXTT = XYXQY T = XOY'V = QXY T = QT . (2.25) 

To summarize, the physical state condition and the equivalence relation can be stated as 

QT = 0, + (2.26) 

with T and A satisfying 

= 0, ATT = T, r]\ = 0, XTA = A. (2.27) 

The appropriate inner product for dR and T 2 in the restricted space is 

«Ti,TT 2 », (2.28) 

where (( A, B)) is the BPZ inner product of A and B in the small Hilbert space. Recall that 
the picture number of T is —1, and the total picture number is —2 for Ti and T 2 of picture 
number —1/2. As we will show later, the operator X is BPZ even in the small Hilbert space: 

((XA,B)) = ((A,XB)). (2.29) 

4 For the geometric meaning of X and Y, see also 155] . 
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For 'Pi and Y 2 in the restricted space, we then have 


(2.30) 

(2.31) 


(( Q*u y* 2 )) = - (- 1 )* 1 « * 1 , yq<s 2 )). 

The relation (12.30(1 can be shown as 

(( Y x , YY 2 )) = ((YY 2 )) = ((YY X , Xhf 2 )) 

= ((^ 1> ^ 2 )) = (-l)* 1 * a ((^2>^ 1 )), 

and the relation (12.3ip can be shown as 

((QY X , YY 2 )) = ((QXYYi, YY 2 )) = ((QYY l5 XYY 2 )) 

= - (-1)* 1 ((YY^QXYY,)) = - (-1)* 1 ((YY^XYQY,)) (2.33) 
= - (-if 1 ((XYY^YQYa)) = -(-l)^((^i,^2))- 


We take the kinetic term for the Ramond sector to be (50j |37] 39] 


4°’ = - |<{®, VQ*» 

(2.34) 

for Y satisfying 


r/Y = 0 , XYY = Y . 

(2.35) 

The action is invariant under the gauge transformation 


3f>P = QA, 

(2.36) 

where A is a gauge parameter in the Ramond sector satisfying 


77 A = 0 , XYA = A . 

(2.37) 


The equation of motion reproduces the physical state condition, and the equivalence relation is 
implemented as a gauge symmetry. The properties of the open superstring fields and the gauge 
parameters are summarized in Table CD The constraint on Y characterized as XYY = Y also 
plays a crucial role in the context of the Batalin-Vilkovisky quantization [56] . 

The operator Y in the kinetic term can be replaced by Y m ; d , which is an insertion of Y(z) = 
— c(z) 5'( 7 ( 2 )) at the open-string midpoint: 

- \ «*, YQ<U )) = - i ((*, y mU Q¥)). (2.38) 

This can be shown from the relation XY mid X = X as follows: 

(( Y, YQY )) = ((XYY, YXYQY )) = ((YY, XYXYQY )) = ((YY, XYQY )) 

( 2i. OtJ) 

= ((YY, XY mid XYQ Y )) = ((XYY, Y mid XYQ Y )) = (( Y, Y mid QY )). 
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held 

$ 

T 

A 

n 

A 

Grassmann 

even 

odd 

odd 

odd 

even 

C 9P ) 

(0,0) 

(1,-1/2) 

(-1,0) 

(-i,i) 

(0, -1/2) 


Table 1: Properties of the string fields and the gauge parameters. The string held $ in the NS 
sector is a Grassmann-even state, and the string held T in the Rarnond sector is a Grassmann- 
odd state. The gauge parameters A and hi in the NS sector are Grassmann-odd states, and the 
gauge parameter A in the Rarnond sector is a Grassmann-even state. The ghost number g and 
the picture number p of the string helds and the gauge helds are also shown. 


Therefore, our kinetic term coincides with that of open superstring held theory in the Witten 
formulation [26] for T in the restricted space. 

We will construct interactions that couple $ in the large Hilbert space and T in the small 
Hilbert space. Let us describe further the relation between the large Hilbert space and the 
small Hilbert space. The BPZ inner product (( A, B )) in the small Hilbert space defined for A 
and B satisfying r)A = 0 and rjB = 0 is related to the BPZ product in the large Hilbert space 
(A,B) as follows: 

{{A,B)) = {£ 0 A,B). (2.40) 

Since the zero mode £o is BPZ even, this can also be written as 

((A,B)) = (-1) a (A,£oB). (2.41) 

The BRST cohomology is trivial in the large Hilbert space, and thus the operator A", which 
commutes with the BRST operator, can be written as 

X = {Q,E}, (2.42) 

where S is a Grassmann-odd operator carrying ghost number —1 and picture number 1. We 
use S defined by [27] 

5 = ©(A), (2.43) 

where 0 is the Heaviside step function. As we show in Appendix [B] the anticommutator of // 
and S is given by 

{Vi — 1, (2-44) 

and S is BPZ even: 

(ZA,B) = (-1) a (A,EB). (2.45) 
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Because of the relation (12.441) we can also use S to relate the BPZ inner product in the large 
Hilbert space and the BPZ inner product in the small Hilbert space: 


((A,B)) = (EA,B), {(A,B)) = (-1) a (A,~B ). (2.46) 

Finally, let us discuss the BPZ property of the operator A". Even when we work in the 
large Hilbert space, the operator X always acts on a state in the small Hilbert space of picture 
number —3/2, and we show that X is BPZ even in the small Hilbert space. Actually, this can 
be shown even when 5 is not BPZ even, and it follows only from the relation rjE* + Eg = 1 on 
a state of picture number —1/2, where E* is the BPZ conjugate of 5, together with rjEA = A 
and gEB = B for a pair of states A and B in the small Hilbert space of picture number —3/2: 

(( XA, B)) = (-1) A ( (QE + EQ)A,EB) 

= (-1) A ( (QE + EQ) gEA, EB ) = (-l) A (g (QS* + ) EA, EB) 

= ((QE* + E*Q)EA,gEB) = (EA,(EQ + QE)gEB) 

= (EA,(EQ + QE)B) = ((A,XB)). 

3 Cubic and quartic interactions 

In this section we construct cubic and quartic terms of the action in the Ramond sector. The 
action S consists of Sns for the NS sector and Sr for the Ramond sector: 


S = S ns + Sr, (3.1) 

where Sns contains only and Sr contains both and T. We expand Sns an d Sr as follows: 

Sns = S™ + g SW + g 2 S%1 + 0( 9 S ), (3.2) 

S R = 4 0) + g + g 2 Sf 1 + 0(g 3 ) , (3.3) 

where g is the coupling constant and 

Sl?s=-5<*.W. (3-4) 

vg 1 ’ = -!««', » . (3.5) 

We also expand the gauge transformations as follows: 

= 5i 0) <D + g + g 2 4 2)< h + 0(g 3 ) , (3.6) 

= 4 0) T + g + g 2 4 2) T + 0(g 3 ) (3.7) 
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with 



5i 0) <D = QA, (5i 0) T = 0, 

(3.8) 

where A 

is a gauge parameter in the NS sector; 



= 4 0, 4 + g <5™$ + g 2 4 2) $ + 0(j 3 ), 

(3.9) 


in* = 4 0) * + 9 4 : 'P + g 2 4 2 n + 0(g 3 ) 

(3.10) 

with 

4 0) 4 = >,n, 4" l 4' = 0, 

(3.11) 

where 12 is a gauge parameter in the NS sector; and 



= 4 0) «h + g + g 2 4 2) «h + 0(g 3 ), 

(3.12) 


= hfT + g + g 2 + 0(g 3 ) 

(3.13) 

with 

4 0) $ = 0, 6®9 = Q\, 

(3.14) 


where A is a gauge parameter in the Rarnond sector. 

For the NS sector, we use the cubic and quartic terms in the Berkovits formulation [lj: 


41 = -i(4>,<?[4>, >)*]), 

?( 2 ) 


The gauge invariance up to this order can be stated as 

c(0) M2) 1 r(l) c(!) 


where 


and 


where 


d°) c(!) I A 1 ) o(°) _ n 
°A °NS + °A 13 NS ~ U > 


4 1) 4= - - [»,QA], 


ow 1 a'- 1 - 1 cao 1 x(. 2N S) c(°) _ n 
°A ~r °A ^NS ~r °A 0 NS ~ u > 


C S, 4 > = Ii [« > .[4 > .QA]], 


Jftoj Q(l) , HP _ n rW q (2) HI) Ml) H2) Q (U) _ n 

°NS "T - °n 13 NS — U > °Q 0 NS ' °n 13 NS -t" — U J 


$’* = 5 [*,»«], 


4 2, » = 


12 




(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 


/on\ fn\ 

As we will see, there is an additional contribution to when we include the Rarnond 

sector, and <h is given by 

(2JVS )$ + 4 2 ' R) $- (3.21) 


4 2) * = P 
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On the other hand, it will turn out that there are no corrections to <5^ $ when we include 
the Ramond sector. The goal of this section is to determine S^ and in the action and 

4 1 ’*. 4T 4‘T 4 1>4 '. 4 1 ’*. 4 1 ’*, 4 2) *. 4 2) *. 4 2> «>. 4 2 T 4 2) *. if® in the gauge 


transformations. 

We use the star product [39] in constructing interaction terms, and all products of string 
fields in this paper are defined by the star product. The star product has the following prop¬ 
erties: 


(AB )C — A( BC ), (A,BC) = (AB,C ), 

Q (AB) = (QA) B + (- 1 ) a A (QB ), r) ( AB) = ( V A) B + (- 1 ) a A ( v B) . 


We will construct cubic and quartic interactions such that the action is invariant under 
nonlinearly extended gauge transformations. Corrections to the gauge transformations are 


determined from the structures of the kinetic terms in the following way. The variation of S^ s 

is given by 


SS { °1= - (6K,Qr,i). 

(3.23) 

Therefore, a term of the form 


8S=(A,Qr}$) 

(3.24) 


in the gauge variation can be canceled by 5Spp s with <5<f> given by 


5$ = A. 

The variation of is given by 

A term of the form 

8S=(B,QV) (3.27) 

in the gauge variation can be transformed as 


(3.25) 

(3.26) 


8S={B, V ZoXYQ*) = (foB, XYQV ) = (( r]B, XYQty )) = ((X V B,YQ*)). (3.28) 

Therefore, this can be canceled by <55^ with hT given by 


(AV = Xr)B. 


(3.29) 


Note that this form of hT satisfies the conditions 


77 5$ = 0 , XYS'A = hT . 


(3.30) 
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3.1 The cubic interaction 

Let us consider the cubic interaction in the form 

s^ = ai {^ 2 ), ( 3 . 31 ) 


where oi\ is a constant to be determined. When we take the string held $ to be an on-shell 
state in the —1 picture multiplied by £o and the two string fields of '1 to be on-shell states 
in the —1/2 picture, this cubic interaction reproduces correct three-point amplitudes up to an 
overall normalization. The action is gauge invariant at this order if we can find ^ V I ; , 

and <^ 1)v k such that 

4 0) df + 4 1, 4 0) = o, 

4 0 ) 4 1} + 4 1 } 4 0) = 0 , ( 3 . 32 ) 

4 0> 4 1> + tf’sSl +4 1) 4° ) = o 


are satisfied. The variation of S^ under the gauge transformation A ^ <L is given by 

4 0) 4 1} = «i ( Q A > ) = «i ( A, (QV) T - T (QT) )=-«,({ T, A }, QT). (3.33) 

This takes the form of (13.27P so that this can be canceled by with } T given by 

4^ = - ai Xrj { T, A } . (3.34) 

The variation of under the gauge transformation 4°^ is given by 

( rjil, T 2 ) = ai ( Q, (r/T) T - T (r/T)) = 0 (3.35) 

because r/T = 0. Therefore, we do not need Sq - 1 and we have 

4 1 ’* = 0 . (3.36) 


The variation of under the gauge transformation <5^° 4/ is given by 

4 0) 4 1} = ($, (QA) *) + <*!{$,* (QX)) 

= - «! (Q4>, AT) — «! (4>, A (QT)) + «! (g$, TA) + «! (4>, (QT) A) 

= - «i ([T, A],g<h) - ai < [<f>, A],QT ) (3.37) 

= - ai ([T,?/SA],g<h) - ([<h,?/SA],gT) 

= <*1 ( {T, SA }, Qri§) + ai ({ r]<£>, SA }, QT ). 


This can be canceled by with j< h and <5^with 5^4/ given by 


4 1) $ = a 1 {T,SA}, 

4 1)v L = ai Xr] { ri$, EX } . 


( 3 . 38 ) 

( 3 . 39 ) 


15 




Note that the forms of and are not unique. For example, if we instead transform 

<[vh,A],W as 

([^,A],Q$) = (^o[^,A],g$) = (6[^,A],gr7$), (3.40) 

we obtain 

^ 1) $= - ai Z 0 [*,\]. (3.41) 

However, the difference between and can be absorbed into a correction to in the 
gauge transformation <5® $ = rjQ, because 

4 1)fI> - = «i {*, SA } + cn £ 0 [ *, A] = V (ai £ 0 (db SA }). (3.42) 

We choose the forms of and hA^ such that A appears in the combination SA except for gA. 

This corresponds to writing Q A as Qrj'E A and transforming as follows: 

4 0 ) 4 1} = «i ($, (Qv SA) T) + cn (<h, T (QrjEX)) 

= «i (r/T, (QE A) T ) - an ( 77 $, T (gSA)) 

= a x (Qrj®, (SA)'F ) + ai ( 77 $, (SA) (g4>)) + oq (g? 7 <h, T(SA)) - aq ( 77 $, (QV) (EX )) 
= cn ( {T,SA },g //$) + ai ({ 7 /$,SA },gT). (3.43) 

We then obtain <5^d> in f!3.38jl and <5^ 4/ in (13.391) . 

3.2 The quartic interaction 

( 2 ) 

Let us move on to the construction of the quartic interaction. We construct S R such that 

4 0l 4 21 + 4‘ > 4 1) + s£ R> S ( °l + 4 2l 4 01 = 0, (3.44) 

4 0) d? +4b!; 1 +4 2 S| s™ + 4 = 0 , ( 3 . 45 ) 

4 0) si 2) + 4’sS + 4 1, 4 I + 4 2, 44 + 4 2| 4 01 = 0 (3.46) 

are satisfied for appropriate choices of the parameter aq appearing in S R \ <5^4/, 5^d>, and 
<5^4/ and the gauge transformations 5^d>, and 5^ 4/. 

3.2.1 The gauge transformation with the parameter A 

The variation of S R - 1 under the gauge transformations hj^d* and 5^4/ is given by 

4 1 ’ A" = - y ((4>, QA ], » 2 ) - a? ( 4 , (Xr, {4, A}) ) - a? (4,4 (X, {4. A})), (3.47) 
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Using X = {Q, E }, we transform (<f>, (. Xr] {T, A}) T ) as follows: 

( <h, (Xr, {vl/, A})*) = - { 77 $, ({Q, 5 } {*, A}) vl/) 

= - ( Q V $, (E {vl/, A}) vl/) - ( 77 $, (S {*, A}) (QV)) 

- ( 77 $, (E [Qtt, A]) v]/) + < 77 $, (5 [tt, QA] ) v|>) 

= - ((H {V&, A}) vl/, Q 77 $) - (( 77 $) (S {vl/, A}), QT ) 

- ({ 5 A}, QT ) - (QA, { vl/, S (*( 77 $)) }) ■ 

We similarly transform (<h, T (X 77 {vH, A})) to find 

■Va’s" = y < QA, [ «>. V 2 }) + a? < {*, H {*, A}}, Qr,4>) + aj ({r,4>, = {>!', A}}, Q>I>) 

+ a? ( { = M> : *}, A}, <3®) + a? { QA, { 4r, E { 17 #, *}}). 

From the structure of the last term on the right-hand side of (13. 49f) . let us consider a quartic 
interaction S R of the form 

4 2) = a 2 <$,{*,-{ 77 $, *}}>, (3.50) 

where a 2 is a constant to be determined. The variation of S R under the gauge transformation 
4 °^ is given by 

S^Sr = a 2 ( 4°*, {*, 5 {V®, *}} ) + a 2 ( {% S { V 6®*, T}} ) 

= a 2 (4 0 , d> ; 2 {T, S{ 77 $, T}} — [<h, T 2 ]) (3.51) 

= 2 a 2 (QA, {T, S{ 77 $, T}} ) - a 2 (QA, [<h, T 2 ]). 


(3.48) 


(3.49) 


Comparing this with (13.4911 . we hnd that the constants ay and a 2 should be chosen to be 


and then we have 



(3.52) 


4 0) 4 2) + 4° A 11 = <{*,2{*,a}},q>)*) 

+ ({? 7 $, S {T, A}}, QT ) + ( { E {? 7 $, *}, A}, QT). 

The term ( {T, E {T, A}}, Qr ]&) containing Qr/Q can be canceled by S^ R ’S^ s with given 

by 

4 2fi) «h = {vI/,S{vI/,A}}. (3.54) 

The remaining terms take the form of (13.2711 so that they can be canceled by 4^ 4^ with 
given by 

4 2) T = Xr] { S { 77 $, T}, A} + Xrj { 77 $, 5 {T, A}} . (3.55) 
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3.2.2 The gauge transformation with the parameter fl 

The variation of under the gauge transformation <5^4> is given by 

4 1, 4 1) = -1 * 2 ) = | [®, * 2 ]>. (3.56) 

The variation of under the gauge transformation 8^ 4> is given by 

4 0) 4 2) = -i«'}})= -|<J?0,{«',[»,*]}) = -i<>?0,[®,* 2 ]>. (3.57) 

Since 

4 0) 4 21 + 4 1, 4 1) =0. (3-58) 

we do not need 8q R ^S^ s and S^S^\ and we have 

4 2R) 4=0, 4 2 >>P = 0. (3.59) 


3.2.3 The gauge transformation with the parameter A 

Let us next calculate the variations Sns i ^^r\ an d fix'* Sr? and express each term in the 

form of an inner product with HA. The variation 8^S^ s is given by 


4"4s = - \ (4 1 ’*. {<3*. »?*>> = {Q4>, t,4} ) 

1 


The variation .)( 'S r ! is given by 

4 11 4” = ({».2A},* 2 ) + (<!>, (AT,{SA } ) *) + <*, * (AT,{ SA } )). 
The first term on the right-hand side vanishes: 

<{T,HA},T 2 )= -<ha,t 3 ) + <ha,t 3 ) = 0. 


(3.60) 


(3.61) 

(3.62) 


The remaining terms are 

4 1) si t 1) = - < ({Q, E> {t,», =A >) vp ) + <»?#, * ({Q, H} { HA } )) 

= <3A,[i;*,{0,S}{,*,*}]>. 

For the variation 5^ S^\ we write QX as Qrj HA and find 

4 0) 4 2) = - i (S, {Qi,2A. 2 {,#, #}} K 1 <*,{*, S {„*, Q,2A}} ) 

= l(Ci;2A,[*, S {,*,*}] + [-[*, *],»*]> 

1 a (3.64) 

= ( QHA, ( 77 $, H {77$, 4 /}} > + - ( A, { [ $, 77$ ], T} ) 

= (HA, Q { 77 $, H { 77 $, 4/}} ) + \ (HA, Q { [4>, 77 $ ], 4/} ), 
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where in an intermediate step we used the following Jacobi identity: 


$,{77$,$}]+ {[$,$1,77$} - {[*, 77 *],*} 


(3.65) 


We then find 

^S^ s + S^S^ + 5^S^ 

= ~ \ (HA, [ {Q$, 77$}, $ ] > + (HA, [77$, {Q, H} {77$, $} ]) 

+ (HA, Q {77$, 5 {77$, $}}) + \ (HA, Q { [ $, 77$ ], $} ) 

= (SA, [ Qt7$, H {77$, $}]> + < HA, [ 77$, H [ Qt7$, $]]>-( HA, [ 77$, H [ '77$, Q$ ] ]) 
+ 77 (HA, [ [ $, <5 77 $ ],$]) — 77 (HA, [ [ $, 77$], Q$ ]) 

= -({$, H {77$, HA}} + { H {77$, $}, HA}, ^77$ ) + ± ([$,{$, HA} ], ^77$ ) 

- ( {77$, H {77$, HA}}, Q$ ) - i ( {[ $, 77$ ], HA}, Q$ ) . 

These terms are canceled by S^^ns and j[ 2) S'l°' 1 with <fS, 2) $ and given by 


(3.66) 


4 2) $ = - {% S {77$, HA}} - { H {77$, $}, HA} + - [ $, {$, HA} ], 
= - Xrj { 77$, H {77$, HA}} - i Xrj {[ $, 77$ ], HA} . 


(3.67) 

(3.68) 


3.3 Summary 

Let us summarize the results of this section. The action in the NS sector is given by 


Sns = 4s + 9 + 9 1 4s + 0(4 , (3.69) 

where 

4s = (3.70) 

4s = -}(»,«[«>,4]}, (3.71) 

4s= -^<*.e[*.[*.9t]]>. (3.72) 

The action in the Ramond sector is given by 

Sr = sf + g 4> + g 2 4 + 0(g 3 ), (3.73) 
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where 


■51? = - 

4 1)= -<4,i' 2 ), 

4? = -± (*,{*,H{9*,*}}>. 

The gauge transformation with the gauge parameter A in the NS sector is given by 

<5 a $ = + g + g 2 + 0(g 3 ), 

<5 a T = 4 0) tf + g 5^ + g 2 Sf* + 0(g 3 ), 

where 

4 0) ® = qa, 

4"* = -i[*,QA], 

<Si 2) ® = ^[4>, [*,«A]] + {*,E{*,A}}, 

4 0) t = o, 

S ( £ ) 'H= X V {*,A}, 

4 2 )v I ; = Xg { « { 77 $, T}, A} + Xrj { 77 $, 5 {T, A}} . 

The gauge transformation with the gauge parameter 12 in the NS sector is given by 

fa* = 4° )< I > + «$’* + 9 2 4 2, 1> + 0(g 3 ), 
fa* = 4 0) * + 9 4 11 * + g 2 4 2) * + 0(g 3 ), 

where 

4 0) * = ,n, 

4 1) * = | 

4 2, « = T[«, | *, ,,a\\, 

4 0) * = o, 

4"* = o, 

4 2| « , = °- 


(3.74) 

(3.75) 

(3.76) 


(3.77) 

(3.78) 


(3.79) 

(3.80) 

(3.81) 

(3.82) 

(3.83) 

(3.84) 


(3.85) 

(3.86) 


(3.87) 

(3.88) 

(3.89) 

(3.90) 

(3.91) 

(3.92) 


The gauge transformation with the gauge parameter A in the Ramond sector is given by 

<5 a $ = 4 0) 4> + gS™* + g 2 + 0(g 3 ), (3.93) 

<5 a T = 4 0) T + g + g 2 <$fT + 0(g 3 ), (3.94) 
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where 


4 0) $ = 0, (3.95) 

4 1} $= —{T,SA}, (3.96) 

4 2 >«.= -{#,S{,*,SA}}-{S{,*,*},SA} + i [*,{*,=>}], (3,97) 

6 { ° ) '& = Q\, (3.98) 

4 1} v|> = - Xq { r/4>, £A } , (3.99) 

4 2) M/= -Xri{ri$,Z{ri$,Z\}} -±X V {[$,ri$],E\}. (3.100) 


4 Complete action 

In this section we present a complete action. We derive the equations of motion and show the 
gauge invariance of the action. 

4.1 Action and gauge transformations 

The complete action S is given by 

S= J dt(A,(t),QA„(t) + (F(t)<l) 2 ), (4.1) 

where 

Fm = * + 5 {A v (t), T} + S {A v (t), E { A v (t ), *}} + ■■■ 

oo 

= E = IMt), s {A,(i). • • ■, s { Mt), »}•••}}, ( ’ 

71=0 ^ V ^ 

n 

and the string helds A v (t) and A t (t) satisfy the relations 

vAn(t) = A v (t ) A v (t ), d t A v (t) = qA t (t ) - A v (t) A t (t ) + A t (t) A v (t) (4.3) 

with 4^(0) = 0 and 4 t (0) = 0. We can parameterize A v (t) and A t (t) satisfying (j4.3[i in terms 
of <h(t) in the NS sector with <E>(0) = 0 as 

Mt) = ( Ve m ) e ~*®, A t (t) = ( d t e*U ) e ~*W . ( 4 . 4 ) 

The string held <&(t) is a Grassmann-even state and is in the large Hilbert space. Its ghost 
number is 0 and its picture number is also 0. The string held T is in the Ramond sector. It 
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is a Grassmann-odd state, its ghost number is 1, and its picture number is —1/2. It is in the 
small Hilbert space and is in the restricted space: 


= 0 , 


XY'iJ = T . 


(4.5) 


Note that T is not a function of t. As we will show, the dependence of the action on t is 
topological, and the action is a functional of $ and \P, where d> is the value of $(t) at t — 1. 
We will show that the action (14.11) is invariant under the following gauge transformations: 


A S = QA + D r ,n + {F*,FE ({FT,A}-A)}, 
6V = Q\ + Xrj FE D v ({FT, A} - A), 


(4.6a) 

(4.6b) 


where A and fl are gauge parameters in the NS sector and A is a gauge parameter in the 
Ramond sector satisfying 

■r/A = 0, XYX = A. (4.7) 

The action of D v is defined by 

D V A = rjA - A v A + (-1) A A A^ , 


where 

A v = A v ( 1), 

and the action of F is defined by 

FA — A + [ A n , A ] + [ A v , zl [ A v , A ] ] + • • • 

OO 

= E s s [ A v , - ■ , S [ A v , A} ■ ■ ■}} 

n= 0^ v / 

n 

when A is a Grassmann-even state and 

FA = A + c, { A v , A } + s { A v , { A v , A } } + • • • 

OO 

= “ { A?> S { A v , •• ■ , S { A v , A } • • • } } 

71=0 ^ V ^ 

n 

when A is a Grassmann-odd state. The string field As is related to A v as 

5A V = D v As = rjAs — [ A v , A s }. 


(4.8) 

(4.9) 


(4.10) 


(4.11) 


(4.12) 


This relation defines As up to terms that are annihilated by D n , and the ambiguity can be 
absorbed by the gauge parameter fh For the parameterization of A v (t) in (14.41) . an explicit 
form of As is 

As = ( de® ) e~^ . (4.13) 
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Note that chi' in (I4.6bh is in the small Hilbert space and in the restricted space: 


riSty = 0 , XYS T = 5T . (4.14) 

When we set = 0, the action (14.11) coincides with the WZW-like action S'wzw of the 
Berkovits formulation [T]: 

Swzw = \ (e- $ Qe $ , e" V* ) - \ f dt ( e~^dte m , { e -*(V*<*> } ), (4.15) 

and the form of S'wzw given by 

S'wzw = — [ dt (A t (t),QA v (t)) (4.16) 

J o 

was recently used in [24]. While the NS sector of the action is based on the large Hilbert space, 
we can apply the partial gauge fixing discussed in [3j and obtain a gauge-invariant action based 
on the small Hilbert space both for the NS sector and the Rarnond sector. 

The action up to quartic interactions in Section [3] with g — 1 coincides with (14.ip under the 
parameterization (14. 4 j) . However, the gauge invariance of the action does not depend on this 
particular parameterization, and other parameterizations of A v (t) and A t (t) satisfying (I4.3[) are 
possible. For example, as was demonstrated in [24], we can parameterize A n (t) and A t {t) in 
terms of a string field in the small Hilbert space so that the action in the NS sector coincides 
with the action constructed in [10J with the 4^ structure. Therefore, we can also regard the 
action (14. lj) as the inclusion of the Rarnond sector to the action in [10]. 

4.2 Algebraic ingredients 

In the rest of this section, we derive the equations of motion from the action (14.ip and show its 
gauge invariance. The starting point of our discussion is the relation 

r/A, ? (f) = A v (t) A v (t) . (4.17) 

This is analogous to the equation of motion QA + A 2 = 0 in open bosonic string field theory, 
and the string field A n {t) satisfying this relation corresponds to a pure gauge with respect to 
the gauge transformation generated by r). We define the covariant derivative D v (t ) by 

D v (t)A = V A- A v (t)A + (~1) A A A v (t). (4.18) 

This is a generalization of D v in (I4.8I) . and D n corresponds to D v (t) with t — 1. The covariant 
derivative D v (t) squares to zero, 

D v (t) 2 = 0, (4.19) 
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because of the relation (I4.17j) . It acts as a derivation with respect to the star product, 


D v (t){AB) = (D v (t) A) B + (-1) A A(D v (t) B) , (4.20) 

and it is BPZ odd: 

( D„(t) A, B) = - (-1) A ( A, D v (t ) B) (4.21) 

for any states A and B. The covariant derivative D v (t) is an important ingredient in our 
construction. 

Another important ingredient is the linear map F(t). It is a generalization of F defined 
in (14. 10p and (14.1111 . and the action of F(t) on a state A in the Ramond sector is defined by 

F(t)A = A + [A v (t), A] + s [A v (t), s [ A v (t), A] ] + • • • 

oo 

= X/ “ “ [AW) " ' , “ [An(t),A] " ■] ] 

n =0 ^ v ^ 

n 

when A is a Grassmann-even state and 

F(t)A = A + n { A v (t), A } + { A v (t), { A v (t),A }} + ••• 

OO 

= Z) E{A v (t),E{A v (tf--- ,E{A v (t),A}---}} 

- S -V/-- 

on—n v 


when A is a Grassmann-odd state. The map F in (14.1011 and (14.1111 corresponds to F(t) with 
t — 1. It is useful to consider the inverse map F~ 1 {t) given by 



F~\t)A = A - S ( A n {t) A - (-1) a A A n {t )). 

(4.24) 

Since 

A — ( A v (t) A — (— 1) a A A, ? (t)) — A + iiZ) r? (t)A — c/ t/A — r/ziA + ^iD^(t)A , 

(4.25) 

we find 


F 1 (t) = rjE + ED,,ft). 

(4.26) 

It follows from rf = 

0 and D v (t) 2 = 0 that 



r]F~\t) = r]ED v (t), F~\t)D v (t) = r)ED v (t). 

(4.27) 

We thus obtain 


= F-'(t)D n (t). 

(4.28) 

In terms of F(t), we 

have 



D v (t)F(t) = F(t) V . 

(4.29) 


(4.22) 


(4.23) 
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An important relation can be obtained when we multiply both sides of (14.261) by F(t): 


1 = F{t) V E + F{t)ED v {t) = D v (t)F(t)E + F(t)ED v (t) . (4.30) 

We thus find 

{A,(i),F(i)S} = l. (4.31) 

Therefore, any state A in the Rarnond sector annihilated by D v (t), 

D. n (t)A = 0, (4.32) 

can be written as 

A = { D v (t), F(t) E }A = D v (t)F(t) E A . (4.33) 

While we use F(t) in the construction of the action in the Rarnond sector, it will be conve¬ 
nient to introduce /(£), which acts on a state in the NS sector and satisfies 


{A,(i),/(t)£o} = l. 


(4.34) 


The action of f(t') on a state A in the NS sector is defined by 

fit) A = A + £ 0 [A v (t), A] + £ 0 [ A v (t), £ 0 A] ] + • • • 

oo 

= V ^0 [4,(t),6 0 Wit), • • • ,fo Wit), A] • • •] ] 

n= 0 S v ^ 

n 

when A is a Grassmann-even state and 

fit) A = A + £ 0 { A^t), A } + £ 0 { A v (t),€o { ^(t), A } } + • • • 

OO 

n =0 S v ^ 

n 

when A is a Grassmann-odd state. 

The string fields QA v it) and F(t )\V in the action (14.ip are annihilated by D v (t): 


(4.35) 


(4.36) 


Dr,{t) QA v it) = 0, (4.37) 

D v (t)F(t)^f = 0. (4.38) 

The first relation (14.371) follows from (14.171) . and the second relation (14.381) follows from (14.291) 
and r/T = 0: 

D v (t)F(t)^ = Fit) = 0 . (4.39) 

The string field d t A r] (t) is also annihilated by D ri (t): 


D v it) d t A v it) = 0, 


(4.40) 
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which again follows from the relation (14.17[) . Therefore, dfA.it) can be written as 


d t A v {t) = D.{t)A t (t), (4.41) 

where A t (t) is a string field of ghost number 0 and picture number 0. Since A.it) is a pure 
gauge for any t, an infinitesimal change in t should be implemented by a gauge transformation, 
and A t (t) corresponds to the gauge parameter. One choice of A t {t) is fit) £ 0 d t A v (t ), but it is 
not unique. Suppose that A^it) and A[ 2 \t ) both satisfy (14.4111 : 

dtM*) = D v (t)Af\t ), d t A v (t) = D v {t)A^\t ). (4.42) 

Then the difference A A t (t) = A^\t) — A^ 2 \t) is annihilated by D.it ): 

D v (t) A A t (t) = D.it) (4 1} (t) - A?\i )) = 0 . (4.43) 

The string fields A n {t) and A t (t) in the action have to satisfy (14.41)1 . The ambiguity in A t (t), 
however, does not affect the action because 

(A A t (t), QA v (t) + (F(t)T) 2 ) = ({£>„(*), f(t)£ 0 } AA t (t), QA v (t ) + (F(t)T) 2 ) 

= ( fm o D v {t) A A t (t), QA.it) + (F(t)T) 2 ) + ( f(t)£ 0 A A t (t), D.(t ) QA.(t)) (4.44) 

+ (f(t)£ 0 AA t (t), (D v (t)F(t)y)(F(t)y) - (F(t)y)(D.(t)F(t)y )) = 0. 

When we parameterize A.{t) in terms of < h(t), the variation 5A.it) under £<£>(£) is annihilated 
by D.it): 

D.it) 5A.it) = 0. (4.45) 

This follows from (14.17(1 . and the underlying reason is the same as in the case of dtA.it). The 
string field A.it) is a pure gauge for any <E>(i), and an infinitesimal change in $(£) should be 
implemented by a gauge transformation. We write 

5A.it) = D.it) Mt), (4.46) 

where As it) corresponds to the gauge parameter. When A.it) is given, the gauge parameter 
As it) satisfying (14.461) is again not unique, but we only use the relation (14.461) . 

We will also need a relation between 5A t it) and d t As(t). First, consider 5 d t A.it) us¬ 
ing (I4.4ip . We find 

5d t A.it) = 5D.it) At{t) = [<5, D.it) ] A t (t) + D.it) 5A t (t ), (4.47) 

where the action of [5, D.it)) is defined by 

[ 5, D.it)} A = 5D.it)A - D.it) 5A , (4.48) 
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and we have 


[8,D v (t)]A = - (8A v (t)) A + (-1 ) a A (8A v (t)) 

= - ( D v (t)A s (t )) hi + (- 1) A 4 (A,(f)4*(f)). 

Therefore, 8 d t A v (t) is given by 

8 d t A v (t) = D v (t ) 54 * (f) - [D v (t) A s (t ), A t (t)}. 
Second, consider d t 8A v (t ) using (j4.46|) . We find 

d t 8A v (t) = d t D v (t ) A s {t) = [d t , D v (t)} A 6 {t) + D v (t) d t A s {t) 
where the action of [ d t , D v (t ) ] is defined by 

[d t , D v (t)} A = d t D v (t)A - D v (t) d t A , 


and we have 


[dt, D n {t) ] A — — ( d t A v (t )) 4 + (— l )" 4 A ( d t A v (t )) 

= - (A,(f)4*(f)) 4 + (-1) A 4 (A,(t)4 t (t)). 


Therefore, d t 8A v (t) is given by 

dt 8A v (t) = D v (t) d t A s (t) - [D v (t ) 4*(f), A s (t) ]. 

Since 5 d t A v (t ) — <9 t 8A v (t) = 0, we find 

A,(*) 54 t (f) - [D v (t) A s (t), A t (t)} - D v (t) d t A s {t) - [A s (t), D v (t) A t (t )] 
= D v (t) (54* (f) - d t A s (t ) - [ 45 (f), 4*(f) ]) = 0 . 

We write this as 


D v (t)F St (t ) = 0 


where 


(4.49) 


(4.50) 


(4.51) 


(4.52) 


(4.53) 


(4.54) 


(4.55) 


(4.56) 

F st (t) = 8A t (t) - d t A s (t) - [ 45 (f), 4*(f) ]. (4.57) 

When we parameterize 4^(f) as 4,,(t) = and choose 4*(f) and 45 (f) to be 

4*(f) = ( d t e*V ) e ~m , 45 (f) = ( ) e~*® , (4.58) 

the string field Fg t (t ) vanishes. In general, however, this is not the case, and in fact it was found 
in [24] that Fg t (t ) is nonvanishing for the parameterization of 4, ; (f) and 4*(f) to reproduce the 
action with the 4^ structure constructed in [TO] with a choice of As(t). It was also confirmed 
in [24] that the nonvanishing Fg t (f) is annihilated by D v (t), which is in accord with the general 
discussion. 
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4.3 The equations of motion 


We are now ready to derive the equations of motion from the action (14. ip . We first show that 
the variation 5 ( QA.it ) + (F(t)\V ) 2 ) is a total derivative with respect to t. The variation 
consists of three terms: 


5(A t (t),QA v (t) + (F(t)-*) 2 ) 

= (5 A tit), QA.it) + (F(t)tt ) 2 ) + ( A t (t), Q 5A.it) ) + ([ A t {t), F{t)*],6F{t)V >. 


The first term on the right-hand side of (I4.59p can be transformed as follows: 

(5Mt),QA.it) + iFity b) 2 ) 

= ( dtA s (t), QA.it) + (F(f)T ) 2 ) + ( [Asit), A t (t)], QA.it) + (F(f)T ) 2 ) 
+ {Fst{t), QA.it) + (F(f)^/) 2 ) 

= ( dtAs(t), QA.it) + (F(f)T ) 2 ) + ( [Asit), A^t)], QA.it) + (F(t)T ) 2 ), 


where we used 


( Fstit), QA.it) + iF(t)V ) 2 ) = ( {D.it), f(t )£o } Fstit), QA.it) + (F(t)T ) 2 ) = 0 (4.61) 


because Fg t (t) and QA.it) + (F(f)T ) 2 are annihilated by D.it). The second term on the 
right-hand side of (14.591) can be transformed as follows: 


( A t (t), Q 5AQt)) = ( A t (t), Q D.it) A s (t)) 

( 4. \A A j 

= ( A t it), {Q, DQt)} Ait )) - ( Ait), D.it) QAsit )). 

Using the identity 

{Q,D.it)}A= -[QA.it), A], (4.63) 

we hnd 

( A t it), Q 5A.it)) = ( A t it), [^(t), QA.it) ]) + ( D.it) A t (t), QAsit)) 

— ( dtA.it), QAsit)) + ( A^t), [Asit), QA.it) ]) (4.64) 

= ( Asit), dfQA.it)) + ( A^t), [Asit), QA.it) ]). 


To transform the third term on the right-hand side of (I4.59jl . let us calculate <9t_F(t )\V and 
hF(t)T. For 9 t F(t)T, we hnd 


d t Fit)V = [d t ,Fit)}^= -Fit)[d t ,F~\t)]Fit)^= -Fit)Z[d t , D.it)] Fit) V, (4.65) 


where the actions of [d t , Fit) ) and [d t , F 1 (t) ] should be understood as 

[ d t , Fit) ] Ait) = dfFit) Ait) - Fit) d t Ait), 

[dt, F-\t) ] Ait) = d t F-\t) Ait) - F~\t) dtAit). 


(4.66) 










We then use (I4.53j) to obtain 


dtF(t)V = F(t)Z{D v (t)A t (t),F(t)^} = F(t)ZD v (t) [A t (t), F{t)V] . (4.67) 

For SF(t)\V, we find 

8F(t)'& = [5,F(t)]'Ir + F(t)6'Ir= - F(t) [5, F~\t)} F(t)ty + F(t) 8^ 

= - F(t)Z[5,D v (t)}F(t)-V + F(t)8* , 

where the actions of [5, F(t) ] and [5, F _1 (i) ] should be understood as 

[5, F(t)} A(t) = SF(t) A(t) - F(t) 5A(t), 

[5, F~\t)} A(t) = 5F~\t) A(t) - F~\t) SA(t ). 

We then use 04.491) to obtain 

5F(t)V = F(t) Z { D v (t)A s (t), F(t)V} + F(t) V Z8^ 

= F(t) Z D„(t) [ As(t ), F(t)V ] + D v (t)F(t) Z 5V 
= [ A s (t ), F(t)V] + Dr,(t) F(t ) 5 ( 6* - [ A s (t ), F(t)V ]), 

where we also used 04.291) and 04.3ip . The third term on the right-hand side of 04.59j) can now 
be transformed as follows: 


(4.69) 


(4.70) 


.F(t)*],«"(*)*> 

= < [ A,(t), F(t)f ], [ A s (t), F(t)V ]) + ([/!,(*). F(t)V ], £>„(<) F(t) E (69 - [ A s (t), F(t)V ])) 

= (A(t), {A s (t), (F(i)>P) 2 ]} + { D„(t) [A(i),F(()f],F(i) S ( 6<S - {A s (t), F(t)\l ])). (4.71) 

Note that the structure of the second term on the right-hand side of the last line is similar to 
that of d t F(t)ty in 04.67p . In fact, the operator F(t) S is BPZ even: 

( F(t) ZA,B) = (-1) A (4, F(t) ZB). (4.72) 


This can be shown using 


as follows: 


m 


i 

1 -Z(rj- D v (t)) 


(4.73) 


(F(t)EA,B)=Y,(( = (v-D,(t))rEA,B) 

n —0 
oo 

= E (-1)' 4 < A -= ((>) - AV)) S TB ) = (~l) A ( A, F(t ) SB). 

71=0 


(4.74) 
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We thus find 


<[A(i),n*)n «"(()*> 

= ( A (t), [ A s (t), (F(tW ]) + ( F(t) S D„(t) [ A,(t), F(t)9 ],» - [ A s (t), F(t)V ]) 

= {A t (t), [A s (i),(F(«)>I') 2 ]) + <S t F(«)>I',W-[A i («),F(«)S]) 

= { A t (t),[A 5 (t), (F(«U) 2 ]) + { A s (t),d t (F(i )>t ) 2 ) - (i*,ftF(«)* ). 

The sum of the three terms on the right-hand side of (14.59ft is then 
8{A t {t),QA ri {t) + (F(f)T) 2 ) 

= ( d t A s (t), QA.it) + (F(t)T ) 2 ) + ( [A s (t), A t {t)],QA.{t) + (F(t)T ) 2 ) 

+ ( A/j(t), dtQA.it )) + ( A t {t), [A${t), QA.it) ]) (4.76) 

+ ( A t {t), [Mt), (F(f)T ) 2 ]) + (Aftf), ft (F(t)T ) 2 ) - (5T, ftF(t)T ) 

= ft ( A s (t), QA.it) + (F(t)T ) 2 ) - ft (5T, F(t)V), 
where we used 

([Mt), A t it)],QA.it) + (F(t)T) 2 ) 

+ {A^t), [Asit), QA.it )]) + {Atit), [A s {t), (F(f)T) 2 ]) = 0. 

The variation 5 {A t {t), QA.it) + (F(t)T ) 2 ) is a total derivative with respect to t so that the t 
dependence is topological. This shows that the action is a functional of 4> and T, where $ is 
the value of 4>(i) at t — 1. The variation of the action SS is thus 

6S=~{ A s , QA. + (FT ) 2 ) + (5T, FT ) — ((5T, FQT)). 

The second term on the right-hand side can be transformed as 

(5T, FT ) = ( r] £ 0 XYS^t, FT ) = - (( XY8 T, 77 FT )) = - ((F5T, AftFT )) 

= - (( Y6 T, XlWftFT )) = - ((XF5T, YX //FT )) = - ((5T, YXftFT )), 

and the final form of 55 is 

8S = - {As, QA. + (FT ) 2 ) - ((5T, Y{ QT + AftFT ))). 

Therefore, the equations of motion are given by 

QA. + (FT ) 2 = 0 , 

QT + AftFT = 0 . 

Note that the second term on the left-hand side of the equation of motion derived from 5T is 
multiplied by Aft. The factor r) ensures that this term is in the small Hilbert space: 

?/AftFT = 0 . (4.82) 


(4.78) 

(4.79) 

(4.80) 

(4.81a) 

(4.81b) 
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The factor X ensures that this term is in the restricted space: 

XYXrjF T = AT/FT (4.83) 

because XYX = X. As we mentioned in the introduction, this is the structure that we 
anticipated from the approach by Sen in [52j • 

4.4 The gauge invariance 

Our remaining task is to derive the gauge transformations (14.6[) . When we set T = 0, the 
action (14.11) coincides with the WZW-like action S\yzw shown in (14.151) or in (14.161) . and it is 
invariant under the gauge transformations, 

^pvsO^wzw = 0, 5 q VS ' ) S'wzw = 0, (4.84) 

with 4 A?S) 4> and given by 

Avivs) = QA, Ajns) = , (4.85) 

°a °n 

where A^ns) is Ag with hT = and A^jvs) is Ag with <5$ = Let us calculate the 

variations of S in (14. lj) under and 

First, the variation 5^ fS ' 1 S is given by 

5& S) S = - ( D v n, QA v + (FT) 2 ) = - (n, D„ ( QA V + (FT) 2 )) = 0 (4.86) 

because QA V and FT are annihilated by D v . Therefore, there are no corrections to 8[^ S> from 
the inclusion of the Rarnond sector, and we find 

SnS = 0 (4.87) 

with 

= D r] Vt , hn'h = 0, (4.88) 

where Ag n is Ag with <5T = 

Let us next calculate the variation S^ S KS: 

6 (ns) s = _ (g A; qa v + (FT) 2 ) = - (A, Q (QA„ + (FT) 2 )) = ({FT, A},QFT). (4.89) 

The string field QF T is given by 

QFT = [Q,F]T + FQT = - F [Q,F _1 ] FT + FQT 

= -F[Q,1-St7 + EA,]FT + FQT (4.90) 

= F ( Xrj - {Q, E}D V + E {Q, D v } ) FT + FQT . 
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Using D V FF = 0 and the identity (14.631) . we have 


QFT = F(QT + XrjFF) - FE [ QA V , FT ]. (4.91) 


Note that QT + Xr/F T in the equation of motion (14.81bl) appeared in the first term on the 
right-hand side. Since [ (FT) 2 , FT ] = 0, we can also make QA V + (FT ) 2 in the equation of 
motion (14.8lap appear in the second term on the right-hand side: 

QFT = F(QT + XrjFF) - FE [ QA V + (FT) 2 , FT ]. (4.92) 


We can further transform OFF as follows: 

QFT = FrjE (QT + XrjFF) - FE [ QA V + (FT) 2 , FT } 

= D V FE (QF + XrjFF) + FE [ FF, QA V + (FT ) 2 } . 


(4.93) 


Since D v , FE, and the graded commutator with FT are BPZ odd, BPZ even, and BPZ odd, 
respectively, any BPZ inner product with QFF can be brought to a sum of an inner product 
with QF + XrjFF and an inner product with QA V + (FT) 2 . This allows the nonvanishing 
variation Sj^^S to be canceled by correcting the gauge transformations. We find 

^ S) S = ( {FF, A}, D ri FE ( QF + XrjFF )) + ( {FT, A}, FE [ FF, QA V + (FT) 2 ]) 

= ( FED V {FT, A}, QF + XrjFF ) + ( {FT, FE {FT, A}}, QA V + (FT) 2 ). 

Since 


(QA + {FT, FE {FT, A}}, QA V + (FT) 2 ) + (FED V {FF, A}, QT + XrjFF ) = 0 , (4.95) 

we conclude that 

S A S = 0 (4.96) 

with 

A Sa = QA + {FT, FE {FT, A}} , cf A T = Xr, FED„ {FT, A} , (4.97) 

where A$ a is A& with <5T = 

Finally, let us derive the correction to the gauge transformation 

5f$ = 0, 6^F = QX. (4.98) 

We use the form of the variation of S in (I4.78P to find 

S^S = (QA, FT) - ((QA, YQF )) = - (A, QFF ). (4.99) 
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This takes the form of an inner product with QFT so that it can be canceled by correcting the 
gauge transformation. We find 

5fs = - (A, D,FE (QT + Xr/FT)) - (A, FE [FT, QA V + (FT) 2 ]) 

= — ( FED V X, QT + Xr/FT ) — (FSA, [FT, QA V + (FT) 2 ]) (4.100) 

= - (FSF0A, QT + Xr/FT ) - ( {FT, FEA}, QA V + (FT) 2 ). 

We thus conclude that 

S X S = 0 (4.101) 

with 

= - {FT, FE A} , T = QX- X//FSF ?? A , (4.102) 

where A$ x is As with hT = h A T. 

In Section [3], we chose the form of the gauge transformations with the gauge parameter 
A such that A appears in the combination SA except for QA. While A in A$ x appears in the 
combination SA, it is not the case for the term XrjFED v X in Using (14.31 jl and 7/A = 0, 
we can bring ^a^ to this form in the following way: 

«5 a T = QX- Xr](l- D V FE ) X = QX + Xr)D v FEX . (4.103) 

Since Xt]D v FEX = — Xr] {A^, FEX} , we see that this reproduces ^a 1 ^ anc ^ ^a 2 ^ Section [3] 
Furthermore, the gauge transformation <5 aT in (14.10311 can be brought to the form 

<5aT = QX + XrjFX (4.104) 

because FA = Ft/SA = D V F SA . Note that the right-hand side of (I4.104p has the same structure 
as the equation of motion QT + AU/FT = 0 with T replaced by A. We expect that this structure 
will play a role in the Batalin-Vilkovisky quantization. 

5 Relation to the Berkovits formulation 

As we mentioned in the introduction, the equations of motion of open superstring field theory 
including the Ramond sector were constructed by Berkovits in [29]. In this section we investigate 
the relation between the equations of motion in [29] and ours. 

The equations of motion in [29J are given by 

r/(e^Qe $ ) + (r/^ fi ) 2 = 0, Q () e _$ ) = 0, (5.1) 

where T is the string field in the NS sector and "0 s is the string field in the Ramond sector. 
Both string fields are in the large Hilbert space. Let us discuss the relation between our string 
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field T and the string field 0 s . Since 0 s is in the large Hilbert space, it is convenient to uplift 
our string held to the large Hilbert space as well. We introduce the string held 0 in the large 
Hilbert space by 

T = ?70. (5.2) 

The condition that T is in the restricted space is translated into 


XY'rj'ijj = ?70 . (5.3) 

The equations motion in terms of $ and 0 are 

QA V + (F?70 ) 2 = 0 , (5.4a) 

Q'q'ip + Xt]Frj , ijj = 0 . (5.4b) 

In order to find a relation between 0 and 0 s , it is convenient to introduce 0 B defined by 

0 B = i e 3> 0 s e~ 4> . (5.5) 

Then the equations of motion in terms of $ and 0 B are given by 

QA V + (F00 s ) 2 = 0 , (5.6a) 

QF00 5 = 0 . (5.6b) 

Since 

Frj'iJj = D v Fijj , (5.7) 

where we used (14.291) . the equations of motion (I5.4al) and (j5.6a[) in the NS sector coincide under 
the held redefinition 

0 s = F0. (5.8) 

Let us next consider the equation of motion in the Ramond sector. When <f> and 0 satisfy 
the equations of motion (15.41) . the string helds <f> and 0 B mapped by the held redefinition (15.81) 
satisfy the equation of motion (I5.6b|) because 

QD^ b = QFr /0 = F(Qt70 + W//T00) - FE [ QA V + (F#) 2 , F# ], (5.9) 


where we used (14.92[) . On the other hand, we can transform (j5.9[) as 

Qr/0 + XrjFijiJj = F^QF-rji/j + E [ QA V + (Ft/0) 2 , Fijip] 

= F-'QD^ + E[QA V + (A,0 B ) 2 , D ^ B }, 


( 5 . 10 ) 


so the string helds $ and 0 satisfy the equation of motion (I5.4bl) when $ and 0 s satisfy the 
equations of motion (15.61) . We thus conclude that the two sets of the equations of motion (15.61) 
and (15.41) are equivalent under the held redefinition (15.81) . 
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Finally, let us see how the condition (15. 3 p that rjip is in the restricted space is mapped by 


the field redefinition (15.8p . Since 


1)F 1 = T][ 

RD r/ , 

(5.11) 

the condition (]5.3p is translated into the following condition on if> B : 


XYrjZD= 


(5.12) 

We can also translate it into the condition on ijj B 

as 


XYrjE ( e $ ( r}^ B ) ) = 

r]E (( 7^ b ) ). 

(5.13) 


Both forms of the constraint are highly nontrivial since they are conditions on nonlinear com¬ 
binations of string fields involving not only the string field in the Rarnond sector but also the 
string field in the NS sector. This suggests that our choice of the string field in the Rarnond 
sector, T or -0, is canonical in constructing an action, and no field redefinitions in the Rarnond 
sector seem to be allowed. 

6 Conclusions and discussion 

In this paper we constructed the action (14. ip for open superstring field theory. It includes both 
the NS sector and the Rarnond sector, and it is invariant under the gauge transformations 
given by (14.6p . This is the first construction of a complete action for superstring field theory 
in a covariant form. The gauge invariance ensures the decoupling of unphysical states, and we 
believe that correct scattering amplitudes at the tree level will be reproduced [5?j|§ 

We use the large Hilbert space for the NS sector and the small Hilbert space for the Rarnond 
sector. Let us first discuss the possibility of formulations within the framework of the small 
Hilbert space. As we have already mentioned, our action can also be interpreted as the action 
for the string fields in the small Hilbert space both for the NS sector and the Rarnond sector. 
We only need to parameterize A v (t) and A t (t) satisfying the relations (14. 3 p in terms of a string 
field in the small Hilbert space. We can use the partial gauge fixing in [3j or use the string 
field in [10] for the action with the A 00 structure, as demonstrated in j2Tj. While the resulting 
theory is described in terms of string fields in the small Hilbert space, the structure of the large 
Hilbert space is used in an essential way in these formulations. In our context, it is manifested 
in the aspect that we need to use the operator S. However, we do not foresee any fundamental 
obstructions in constructing a gauge-invariant action within the framework of the /3y ghosts by 
extending the approach in an upcoming paper |52J based on the covering of the supermoduli 
space of super-Riemann surfaces to the Rarnond sector. The reason we use the large Hilbert 

5 See [58j for a mathematical discussion on the S-matrix of superstring field theory. 
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space for the NS sector is to have a closed-form expression for the action, and it would be an 
important problem to construct an action in a closed form based on the /Ly ghosts. 

Let us next discuss the possibility of formulations based on the large Hilbert space. As 
we did in Section [5J it is straightforward to uplift the string field in the Ramond sector to 
the large Hilbert space, but the structure of the small Hilbert space is crucially used in the 
characterization of the space of string fields in the Ramond sector in terms of the operator X. It 
would be more flexible if we could characterize it in terms of £(z), T](z), and <f>{z). For example, 
in the approach by Sen [52], the zero mode X 0 of the picture-changing operator is used for the 
propagator in the Ramond sector, and this seems to suggest a possibility of characterizing the 
space of string fields in the Ramond sector in terms of X 0 , as the information on degrees of 
freedom should be reflected in the propagator. If this is possible, we may be able to replace 
S with the zero mode £ 0 , as the origin of the operator S is the relation X = {Q, S} and X 0 
can be written as X 0 = {Q,£o}- Use of the large Hilbert space obscures the relation to the 
supermoduli space of super-Riemann surfaces at the moment, and we had to use the framework 
of the /J 7 ghosts in describing the space of string fields in the Ramond sector. We hope to have 
formulations of superstring field theory where the large Hilbert space and the supermoduli 
space of super-Riemann surfaces are integrated in a fundamental fashion. 

Now that we have the complete action (14. ip for open superstring field theory, we can address 
interesting questions. First of all, we are now at a starting point for quantizing open superstring 
field theory. One important question that we can address by quantizing open superstring 
field theory would be whether we can describe closed strings in terms of open string fields 
or whether we need closed string fields as independent degrees of freedom. The first step is 
the construction of a classical master action in the Batalin-Vilkovisky formalism [ I 6 l IT7 J for 
quantization. As we mentioned before, the action in the NS sector can be described by multi¬ 
string products satisfying the A 00 relations [TUI 12T , 25] , and the Batalin-Vilkovisky quantization 
is straightforward. In addition, as we commented at the end of Section [I] the equation of 
motion (14.81b|) in the Ramond sector and the gauge transformation <A v b in (14.104P share the 
same structure, which is promising for the Batalin-Vilkovisky quantization. It would also be a 
promising approach to adapt the recent construction of the equations of motion including the 
Ramond sector in terms of multi-string products satisfying the Aoo relations [38] so that string 
products in the Ramond sector are consistent with the projection to the restricted space. 

Another important question that we can discuss with our action would be spacetime super- 
symmetry preserved by the D-brane. It would again be helpful to see [38] for a recent discussion 
on supersymmetry based on the equations of motion]*] A more ambitious question would be to 
uncover the supersymmetry spontaneously broken by the presence of the D-brane. 

It would also be fascinating to extend the present formulation to closed superstring field 

6 See also [60] for a different approach. 
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theory. While the construction of a complete action for type If superstring held theory seems 
challenging, we hope that our construction can be extended to heterotic string held theory [31] 

E30 

Construction of a complete action for open superstring held theory is not the end of the 
story. It is just the beginning. We hope that this will provide a useful approach complementary 
to other directions such as the AdS/CFT correspondence and help us unveil the nature of the 
nonperturbative theory underlying the perturbative superstring theory. 
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A The integration over the fermionic modulus 

As we mentioned in the introduction, the operator X given by 

X= -5((3 0 )G 0 + 5'(/3 0 )b 0 , (A- 1 ) 


which is used to characterize the restricted space of string fields in the Rarnond sector, is related 
to the integration of the fermionic modulus of propagator strips in the Rarnond sector. In this 
appendix we elaborate on this aspect and show that the expression (jA.l|) can be obtained from 
the expression 

X= f d( [ d(e CG °-^° (A.2) 


by carrying out the integration over the fermionic modulus 

In [46] the extended BRST transformation was introduced, and the fermionic modulus ( 
is mapped to the Grassmann-even variable ( by the extended BRST transformation. The 
extended BRST transformation acts in the same way as the ordinary BRST transformation for 
operators in the boundary CFT, and in particular it maps /3o to Go- Therefore, the combination 
(G 0 — ( /3o in (IA.2p is obtained from —(/3 0 by the extended BRST transformation. 


' After we submitted this paper to arXiv, master actions in the Batalin-Vilkovisky formalism were constructed 
for heterotic string field theory and for type II superstring field theory in [62], where covariant kinetic terms are 
constructed by introducing additional free fields. 

8 This appendix is based on the results for the NS sector in an upcoming paper 591 . 
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Let us carry out the integration over ( in (IA.2I) . Using the commutation relations 


[Go,/3o] — — 2 £>o, [An fro] — 0, {Go, fro} —0 
and the Baker-Campbcll-Hausdorff formula, we find 

e CGo-C/3o = e -| [CGo,C/3o] e -C/3o e CGo = e CC*>o g-C^OgCGo = g -CA) (l + (£{, 0 + £G 0 ) . 

By integrating over £, the operator A" can be written as 

d( J d( e~<*> (1 + C C fro + CG 0 ) = [ d( e~^° (-(b 0 - G 0 ), 

where we treated d( and d( as Grassmann-odd objects. As emphasized in [56], the integral over 
the Grassmann-even variable ( should not be considered as an ordinary integral, and it should 
be regarded as an algebraic operation similar to the integration over Grassmann-odd variables. 
See HE] for more details. In this context, we define 5(j3 0 ) and S'(j3 0 ) by 

8(Po) = j dCe-i* , <5'(Aj) = -J d((e~^° , (A.6) 

and the operator A" is written as 

X = 5'(p 0 )b 0 -5(p 0 )G 0 . (A.7) 

Note that 5(A)) and 5'(A)) are Grassmann-odd operators because we treat d( and d( as 
Grassmann-odd objects. We have thus obtained the expression (IA.1D for X. 

B Properties of S 

In this appendix we first show that the anticommutator of rj and 5 is given by 



{v, s} = 1 

(B.l) 

for 

5 = ©(A)), 

(B.2) 

where 0 

is the Heaviside step function. We begin with the identification [6TJ 



0(/3(tr)) = ((a), 

(B.3) 

where 


(B.4) 


n n 



(A.3) 

(A.4) 

(A.5) 
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We then separate (3 (a) as 


/3(cr) = A) + 0(a ), 


where 


[7o,^o] = 1, [To, /3 (ct) ] = 0, 

and we rewrite £(cr) in the following way: 

S(a) = 0 (A) + P(<?)) = e^ )7 ° 0 (A)) e* 70 ■ 

We invert this relation to write 5 in terms of £(cr) as follows: 

S = 0(/3 o ) = e"^ 70 f (cr) e^ 70 . 

It follows from (12.TJ) that 

[v,P{v)] = [v,P{°) ~ Po] = 0, [77,70] = 0, 

and we also use 

{^{M} = 1 


(B.5) 

(B.6) 

(B.7) 

(B.8) 

(B.9) 

(B.10) 

(B.11) 


to find 

{77, “} = e~^( CT ) 70 {77, £(cr)} e^ (<r) 70 = 1. 

Let us next show that 5 is BPZ even based on the expression (IB. 81) . We denote the BPZ 
conjugate of an operator O by O*. Consider the mode expansion of a primary field <p(z) of 
weight h. In general, the BPZ conjugate of the mode ip n with [L 0 ,cp n ] = —inp n is given by 


< = (~i)” + V- 


We therefore have 


e = 7; = (-i) n "7-», k = (-ir +i /?-„• 


(B.12) 


(B.13) 


The right-hand side of (IB.811 is actually independent of cr, and it is convenient to set a = tt/2. 
Since 


AD V*=(-l)-’ 7 o. « ( 5 ) =«(£). (B.14) 


we find 


l* — (g/3(7r/2)7o 


7r 


_ £-70/3(71-/2) 


^ \2 


3 —/3(tt/2) 70 


7o/3(7r/ 2 ) _ ^ 


(B.15) 
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